Introduction
This work explores the relationships existing between three classes of objects, coming from different domains of mathematics, namely:
(i) Real algebraic geometry: the objects here are what we call links, that is transverse intersections in C n of real quadrics of the form
with the unit euclidean sphere of C n .
(ii) Convex geometry: the class of simple convex polytopes.
(iii) Complex geometry: the class of non-Kähler compact complex manifolds of [30] . They are a generalization by the second author of the manifolds introduced in [27] by S. López de Medrano and A. Verjovsky, and will be called here LV-M manifolds.
The natural connection between these classes goes as follows. First, a link is invariant by the standard action of the real torus (S 1 ) n onto C n and the quotient space is easily seen to identify with a simple convex polytope (Lemma 0.12). Secondly, as a direct consequence of the construction of [30] , each link (after taking the product with a circle in the odd-dimensional case) can be endowed with a complex structure of an LV-M manifold (Theorem 12.2). Indeed, the links form a large subclass of the class of LV-M manifolds. The aim of the paper is to describe the topology of the links and to apply the results to address the following question.
Question. How complicated can the topology of the LV-M manifolds be?
f. bosio and l. meersseman This program is achieved by making a reduction to combinatorics of simple convex polytopes: a simple convex polytope encodes the topology of the associated link completely.
As shown by the question, the main motivation comes from complex geometry. Let us explain a little more why we find it important to know the topology of the LV-M manifolds.
Complex geometry is concerned with the study of (compact) complex manifolds. Nevertheless, no general theory exists and only special classes of complex manifolds such as projective or Kähler manifolds or complex manifolds which are at least bimeromorphic to projective or Kähler ones are well understood. Moreover, except for the case of surfaces, there are few explicit examples having none of these properties; explicit meaning that it is possible to work with and to compute things on it. Indeed, the two classical families are the Hopf manifolds (diffeomorphic to S 1 ×S 2n−1 ; see [20] ) and the Calabi- In this article, we focus on the class of LV-M manifolds of [30] . It is explicit in the previous sense. Indeed the main complex geometrical properties (algebraic dimension, generic holomorphic submanifolds, local deformation space, etc.) of these objects are established in [30] . Besides, it is proved in [31] that they are small deformations of holomorphic principal bundles over projective toric varieties with a compact complex torus as fiber. In this sense, they constitute a natural generalization of Hopf and CalabiEckmann manifolds, which can be deformed into compact complex manifolds fibering in elliptic curves over the complex projective space P n−1 (Hopf case) or over the product of projective spaces P p−1 ×P q−1 (Calabi-Eckmann case). One of the main interests in these manifolds, however, is that they have a richer topology, since it is also proved in [30] that complex structures on certain connected sums of products of spheres can be obtained by this process.
Nevertheless, these examples of connected sums constitute very particular cases of the construction, and the problem of describing the topology in other cases was left wide open in [30] . Of course, due to the lack of examples of non-Kähler and non-Moïshezon compact complex manifolds, the more intricate this topology is, the more interesting is the class of LV-M manifolds. This is the starting point and motivation for this work and
